In this paper, several distributional properties and characterization theorems of the generalized multivariate Pareto distributions are studied. It is found that the multivariate Pareto distributions have many mixture properties. 
Introduction
According to Arnold's definition, the joint survival function of the MP ðkÞ ðIVÞ distribution is given as Definition 1.1. Suppose % X ¼ ðX 1 ; y; X k Þ is a k-dimensional random vector. If the joint survival function of % X is It is easily discerned that these four k-dimensional MP ðkÞ ðIÞ; (II), (III), (IV) are qualified as multivariate Pareto distributions by virtue of having Pareto marginal variables. Also, it is easy to verify that the MP ðkÞ ðIÞ; (II) and (IV) families are closed with respect to conditional distributions. Yeh [6] [7] [8] studied some properties and inferences for these four multivariate Pareto distributions. Numerous papers dealing with bivariate and multivariate Pareto distributions have subsequently appeared in the literature after Arnold [1] (see [4, Chapter 52] 
As mentioned in [7] , there are two representations of the MP ðkÞ ðIVÞ random vector given by Arnold [1] , they are stated as the following two properties. 
Extreme order statistics of multivariate Pareto distributions
Analogous to Yeh's multivariate Zipf results [9] , the MP ðkÞ ðIÞ; (II) and (IV) families are also closed under finite sample minima.
Let
n be a random sample from any one of the MP ðkÞ ðIÞ; (II), (IV) populations, then the closure property of the sample minima is stated as follows.
In Property 3.1, the sample minima min 1pipn % X i is the k-dim random vector of the k coordinatewise sample minima of f % X i g n 1 ; i.e. min 1pipn % X i 9ðX ð1Þ ; X ð2Þ ; y; X ðkÞ Þ;
where X ð jÞ ¼ minfX 1 j ; X 2 j ; y; X n j g for j ¼ 1; 2; y; k: It is easily verified that MP ðkÞ ðIIIÞ population has no closure property for sample minima, the reason is that MP ðkÞ ðIIIÞ is a special case of MP ðkÞ ðIVÞ by setting a i 1: Then by Property 3.1(3), we have the following corollary: 
N p B geometricðpÞ is independent of % X 1 ; % X 2 ; and from p
; are equivalent and hence
so that Pð % X 1 ¼ % 0Þ ¼ 0 or 1. Ignoring the trivial case of an % X 1 degenerate at % 0; we
The survival function of % X 1 ; % F % X ðÁÞ is obtained by conditioning on N p ; hence for any % x4 % 0:
where 
ð4:5Þ then in the limit of (4.5), the asymptotic forms of the numerator and denominator are, respectively,
ðIIIÞð % 0; % s; % gÞ is followed. &
In the above theorem, it will be noticed that p For c ¼ 2; 3; y; the recursive relation among f % F c ðÁÞg is derived by conditioning on N cÀ1 ; hence for any % x4 % 0; the survival function of % X
then under some suitable normalization on the repeated geometric minima will lead to a non-trivial multivariate limit law as a MP ðkÞ ðIIIÞ distribution. It is the following theorem. 
; ð4:7Þ for % x4 % 0; and 
; for each cX1; we conclude that for all % x4 % 0;
It follows by iteration that
for all positive integers cX1; thus
where
ARTICLE IN PRESS Consider limits on both sides of (4.10), then
ð4:11Þ
In the right limit of (4.11) since F 1 ðÁÞAF % s; % g ; and Q cÀ1 j¼1 p j diverges to 0 as c-N; so the point % xð Q cÀ1 j¼1 p j Þ % g -% 0; and the asymptotic forms of the numerator and denominator are, respectively,
¼ 1; then the following limit is obtained: 
Hence the weighted minima m is a univariate Pareto variable, and mBPðIVÞð0; 1; g; aÞ; therefore, (2) ) (1) 
